Black holes in Truncated Higher Spin AdS3 Gravity 

Bin Chen 1,2 ' 3 * Jiang Long 1 ' 2 ' 1 ' and Yi-Nan Wang 1 * 

1 Department of Physics, Peking University, Beijing 100871, P.R. China 

2 State Key Laboratory of Nuclear Physics and Technology, Peking University, Beijing 

100871, P.R. China 

3 Center for High Energy Physics, Peking University, Beijing 100871, P.R. China 

Abstract 

We study the higher spin black holes in a truncated version of higher spin gravity 
in AdS^. This theory contains only finite number of even spins s — 2,4, •• • ,2N. 
We mainly focus on the simplest case, so-called (Type I and II) spin 4 gravity, 
which contains only spin 2 and spin 4 fields. This spin 4 gravity is as simple as 
spin 3 gravity, thus provides another example to test various ideas on higher spin 
gravity. We find that the asymptotical symmetry of this spin 4 gravity is a classical 
W(2, 4)-symmetry. Moreover, we study the black hole solution with pure spin 4 
hair and discuss its thermodynamics. One important feature of this black hole is 
that its entropy could be written in compact forms. Furthermore, we investigate a 
G*2 generated higher spin gravity. This higher spin gravity only contains spin 2 and 
spin 6 fields which makes it different from other kinds of higher spin gravity. We 
find the corresponding black hole with spin 6 hair, and discuss its thermodynamics 
analytically. 
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1 Introduction 



Higher spin gauge theory in AdS^, which was constructed decades ago[TJ [21 [3], has 
attracted much attention in the context of AdS/CFT correspondence in recent years. 
While this theory originally describes interacting higher spins s = 0, 1, 2, 3, • • • , it allows 
for a minimal truncation to a theory with only even spins. This minimal bosonic Vasiliev 
theory(A-type) was conjectured to be dual to 3D free or critical O(N) vector model[4j, 
depending on the bulk scalar boundary conditions. This duality has been analyzed and 
extended in various aspects in the past few years. For the complete references, see a nice 
review [5]. 

On the other hand, the higher spin theories become even simpler in AdS%. The pure 
higher spin theory without scalar in AdS^ can be written as the summation of two Chern- 
Simons terms with opposite level[5J[7], much like the pure gravity case[5J[S]. While an 
one-parameter theory with higher spin algebra hs [A] describes an infinite tower of higher 
spins in general, a theory with finite number of higher spins is also well-defined for 
the choice of A = 3, 4, 5, • • • . The physical spectrum depends on the choice of the gauge 
group and the embedding of sl(2, R). In an interacting theory with spins from 2 up to N, 
the gauge group of Chern-Simons action is sl(N,R). More interestingly, in [TOj [TT| the 
asymptotically symmetry algebras were analyzed for AdS^ higher spin theories, which 
turns out be W algebras Just like the original Brown- Henneaux analysis |1 6] on AdS^ 
gravity, this suggests that there exists a two dimensional conformal field theory with W 
symmetry dual to the higher spin gravity. In the infinite spin limit, it was conjectured in 
[17j that the dual CFT is a coset WZW minimal model. The evidence for this conjecture 
is based on symmetry, spectrum matching and RG flow considerations, much like the 
Higher Spin/0(N) conjecture in [4J. For further developments see a recent review [IB]. 
A truncated version with even spins of this conjecture has been considered in I2U| . 

In another route, the AdS% higher spin black holes were firstly considered in |21| I22]. 
This treatment of higher spin black holes was guided by the dual conformal field theory. 
The higher spin charge and its corresponding chemical potential were recognized by OPE 
and Ward identity analysis. The most important lesson from the study is that a gauge 
invariant quantity (holonomy) encodes the information of thermodynamics of higher 
spin black holes, while conventional notions such as the diffeomorphism and the horizons 
should be revised. More explicitly, it was required that the holonomy around the time 
circle should give the same eigenvalues as they are in the BTZ black holes [23, 24 1. Such 
requirement was shown to give consistent thermodynamics [2 1 \ I25pl . For the simplest 
example, the spin 3 black hole, this leads to a compact expression of entropy, even 
though a generalized Cardy formula has not been fully understood. However, for other 
examples including Woo [A] black holes [271 [29] an d spin 4 black hole [28], the discussion 
of black hole thermodynamics could only be restricted to the perturbation level. See |30] 
for a recent review. Due to the mixing of spin 2 and higher spin gauge transformation, 
an independent but very valuable understanding of higher spin black holes from physical 

See |12l 1131 PH, 15 for other discussions and various generalizations on asymptotic symmetries. 
2 For a canonical approach to this problem, see [25] . 
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metric and higher spin fields points of view is still lack so far. It seems that a second 
order formalism of higher spin gravity may shed light on this problem. See |3H 132] for 
recent investigations on this issue. 

Note that there are two kinds of truncations in AdS^ higher spin gravity. The first 
kind is to truncate the infinite higher spins with s = 1, 2, 3, • • • to even spins s = 2, 4, • • • . 
The second kind is to truncate the infinite higher spins to finite number of higher spins 
with s = 1, 2, • • • ,N'. It is interesting to investigate if a combination of these two kinds 
of truncation can give us a well-defined theory with only finite number of even spins 
s = 2, 4, • • • , 2N. This turns out to be the case. It can be easily seen from the hs [A] 
algebra. Firstly, choosing even spin generators V^, the reduced algebra which we denote 
by hs [A] is obviously closed. Second, setting the parameter A to be integer and moding 
out the ideal the resulting theory would only contains finite number of even spins. Note 
that in principle we may obtain two classes of truncated higher spin gravity. When A 
is even, we denote it as Type I Spin 2N gravity. When A is odd, we denote it as Type 
II Spin 2N gravity. With 2N, it remind us that the theory contains only even spins 
from spin 2 up to spin 2N, and with " ~" it distinguish from usual sl(N, R) higher spin 
gravity. Actually they are the even spin truncations of sl(N, R) higher spin gravity. And 
it could be considered to be simpler than conventional sl(N, R) higher spin gravity as it 
involves less fieldsjrp to a finite spin. 

In these Spin 2N theory, the spin 4 would be the lowest higher spin and hence it is in 
principle as simple as the spin 3 field in conventional sl(3, R) gravity. This may provide 
another tractable model to test all kinds of ideas on higher spin gravity. Actually as 
locally sp(4, R) ~ so(5,R), two types of Spin 4 gravity are quite similar and share the 
same asymptotical W(2, 4) symmetry. In both types of Spin 4 gravity, the black holes 
with spin 4 hair can be constructed analytically, with their entropy functions having 
pleasant simple forms. They are much like the spin 3 black holes considered previously, 
and provide the second type of examples that one can explore the full thermodynamics 
of higher spin black holes. 

The success of finding the black holes with pure spin 4 hair, whose thermodynamics 
could be studied analytically, inspires us to search for other black holes with a single 
higher spin hair. It turns out that the only other case is the black hole with spin 6 
hair in a higher spin gravity based on the lowest exceptional groupd G2. In this G2 
gravity, the spectrum only contains spin 2 and spin 6 higher spin fields. Such a higher 
spin gravity cannot be obtained directly by doing even spin truncation on hs [A] theory 
in AdS3 but can be obtained by a further truncation of the truncated Type II Spin 6 
gravity. Besides this exotic feature, the other properties of this higher spin gravity are 
quite similar to others. Since it contains only one higher spin hair, the thermodynamics 
of G2 higher spin black holes can be studied analytically. Hence G2 gravity provides the 
third prototype of higher spin gravity. 

In the next section, we give a brief introduction to AdS3 high spin gravity and its 
finite truncations. In Section 3, we investigate the Spin 4 gravity. We discuss and give 

3 Actually, it is the noncompact version of G2. However, this distinction is not quite important in 
practice. 
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the corresponding asymptotically symmetry algebra W(2, 4) explicitly. We construct 
spin 4 black hole in Type I Spin 4 gravity and explore its thermodynamics analytically. 
In section 4, we discuss the G2 gravity and find that the corresponding asymptotically 
symmetry algebra is W(2, 6). The thermodynamics of the G2 black hole is also included. 
In section 5, we discuss the black holes with spin 4 and spin 6 hairs in type I and type 
II spin 6 gravity. In section 6, we end with conclusion and discussions. In appendices, 
we collect the conventions in our study. 



2 Higher Spin Gravity in Ad S3 and Truncations 

The action of higher spin gravity in AdS^ can be written as a sum of two Chern-Simons 
terms with opposite level, 

Shsg = S CS [A] - S CS [A], (1) 



where 



S CS[A] = ± f tr(AdA + ^A 3 ) (2) 



and we omit the wedge for brevity. A and A are one forms and take value in suitable Lie 
algebra. For example, taking the gauge group to be sl(N,R) x sl(N,R) will describe a 
tower of higher spin s = 2, 3, • • • ,N with each higher spin appear onc^|. The parameter 
k in this action is called the level and it is related to the Newton constant G and AdS$ 
radius I by the relation 

* = sr (3) 

For simplicity, we set the radius I to be 1 from now on. To relate the theory to gravity, 
we need to introduce vielbein e and spin connection u) and relate them to the gauge 
potential by 

A = oj + e, A = u - e. (4) 
The field equation from the above action turns out to be 

F = dA + A A A = 0, F = dA + A A A = 0. (5) 

The gauge transformations are 

SA = dA+ [A, A], 6A = dA+ [A, A]. (6) 

The infinite extension of sl(N, R) will be the so-called one parameter higher spin algebra 
hs [A] and the corresponding higher spin gravity will contain a infinite tower of higher 
spin with s = 2, 3, • • ■ ,00. 

Let us start from the infinite dimensional hs [A] algebra and do truncation. The 
notation we use are the same as the one in |30] and [15]. The algebra consists of 



In this paper, we extensively use the Principle Embedding. 



4 



generators for every s and — (s — 1) < m < (s — 1). They are generated by a sZ(2,R) 
subalgebra with generators L^i, Lq, L\, which obey usual commutation relations: 

[Li,L ] = £i, [L_ 1) L ] = -L_ 1) [L 1 ,L_ 1 ] = 2L . (7) 

Then we let = for every s, and V^_ 1 = — [L-i, V^]/(s + m — 1) for every m. 

Note in this notation we have = L\,Vq = Lo,V A _ 2 1 = The commutation rule 

between and is: 



s+t-\s-t\-l 
u=2,4,6... 



where 



-M— 2 ,ist 



9u(m,n;X) 



< ^(A)A^(m,n) 
2(u-l)\ 



The expressions of 0„(A) and (m,n) are: 



C(A) =4 ^3 

JVi*(m,n) = 



I \ 1 \ 2 — M 1 — M 

~|- A, 2 A, 2 , 2 



l 



(8) 



(9) 



(10) 



n-l 



k=l 



A; 



[s - 1 + m] u _i_ fe [s - 1 - m] fc [t - 1 + n]k[t - 1 - n] u -i-fc 



and q is a parameter that can be tuned for different conventions. Here 4-F3 is hypergeo- 
metric function, its general definition is: 
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a\, a%, . . . ,a p 
h,b 2 ,...,b q 



n=0 



[ai] n . . . [a p ] n z n 
[bi] n . . . [bg] n n! 



(11) 



in which the Pochhammer symbol has been used 

[a] n = a(a-l)...(a-n + l). (12) 

Generally the coefficients are complicated, but for s = 2 case, we have a simple equation: 

[V^X] = (m(t-l)-n)Vi +n . (13) 

For different A we have inequivalent algebras. If A = N is an integer, an ideal 
consisting of all the s > N generators forms. If one mod out this ideal, the algebra 
reduces to sl(N,M). 

Note in the commutation relation ([8]) if we assume s and t to be even numbers, the 
right side has only even components. So a subalgebra with only even generators exists, 
we call fiH hs(X). If A = 2N is an even number, this algebra can be truncated to an 
finite sp(2N, R) algebra and the resulting theory is called Type I Spin 2N gravity . If 



3 In [2D], it was called hs [A] 
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A = 2N + 1 is an odd number, the algebra can be truncated to a noncompact real form 
of so(2N + 1, R) algebra and the corresponding theory is the Type II Spin 2N gravity. 

For example, if N = 2, we have Type I Spin 4 gravity and Type II Spin 4 gravity. 
The former can be obtained from the usual spin 4 gravity. For the usual spin 4 gravity, 
it is constructed by taking gauge group to be sl(A,R) and it has 15 generators which 
we denote by Lq, L\, Wl 2 , ■ • • , W$, W_ 3 , • • • , W 3 }. It is obvious that the subset 

{£-1, Lo, L\, W_ 3 , ■ • ■ ,W 3 } is a subalgebra sp(4, R) of sZ(4, R) and the commutation 
relations are given in the Appendix A. The latter can be obtained from the usual spin 5 
gravity. For the usual spin 5 gravity, it is constructed by taking gauge group to be sl(5, R) 
and it has 24 generators which we denote by {X-i, Lq, Li, W^ 2 , • • • , W* 3 ' ' ' , 1^3, 
■ ■ ■ , Wf }. Also, the subset {L-i, L , Li, Wi 3 , • • • , W 3 4 } forms so(5, i?) which is a 
subalgebra of s/(5, R). Such a spin 4 gravity is as simple as the spin 3 gravity. It will be 
the main focus of the following discussion. 



3 Spin 4 gravity 

In this section, we study the properties of two types of Spin 4 gravities, which are 
based on sp(4, R) and so(5, R) algebras respectively. Due to the fact that sp(4, R) is 
locally isomorphic to so(5, R), two types of theories are quite similar, and have the same 
asymptotical symmetry algebra. Here we mainly work on the Type I Spin 4 gravity. 



3.1 Asymptotical Symmetry 

To be definite, we focus on Type I Spin 4 gravity. Since the analysis is standard and is 
explained explicitly in |11| . we just quickly sketch the main points. Upon making gauge 
transformation, one can show that the solution of ([5]) can be cast into the form |ll) 6 l 

A = b~ 1 (a(x + ) + d)b. (14) 

with b = exp p(Lq). And asymptotically AdS^ can be represented as 

a = (L 1 + ^C(x + )L^ + ^-W(x+)W* 3 )dx+. (15) 

By identifying the transformation that preserve asymptotically AdS% boundary condition 
and use the definition of Poisson bracket from Chern-Simons action, one can find that 
the asymptotically symmetry algebra is 

{£(0),£(0')} = -(5(6-0')£(6)' + 26'(6-6')£(6)) - ^-6(9 -9')"' 

47T 

{£(9),W(9')} = -(35(9 -9')W(9)' + 45'(9-9')W(9)) 

{W(9),W(9')} = --^(£ (7) (9 -9') + ^£(9)5^ (9 -9') + ^£(9)> # 4 ) (9 -9') + 
4007T k k 

+U 3 (9)5^(9 - 9') + U 2 (9)5"(9 - 9') + U x (e)8'(9 - 9') + U (9)) (16) 



6 The "bar" term can be treated similarly. 
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where the XJ% are defined as 



12tt /v, 2832vr 2 . 1248vr 2 ... 27648tt 3 - „, 40vr ... 2240tt 2 . 
80vr m 5632tt 2 „ „„ 4720vr 2 w2 18432tt 3 „o 200vr .. 4480vr 2 A , 

rt rt A/ rt ft rt 

940871-2 „. 224vr ... 360vr . 
k z k k 

u 3 _ + ^L£. + ?«E W (17) 

fc K K 

This algebra is a classical W(2,4) algebra [Ml EH E5] with central charge c = Qk = 
Correspondingly, we may expect that the dual CFT should have the same W-symmetry. 

3.2 Type I Spin 4 Black Holes 

This subsection is to explore the thermodynamics of black holes with spin 4 hair in 
Type I Spin 4 gravity in AdS3. In the previous work [21] 122] . it has been shown that 
the holonomy condition can give consistent thermodynamics of higher spin black holes. 
Consider, in the boundary CFT of spin 4 gravity, a deformation is reached by adding 
an irrelevant operator J \£W + p,\V to the action_|. This will deform the UV structure 
of boundary CFT. In the bulk, this corresponds to add a source term in the ansatz of 
gauge field component A_ and A + . Let us use the standard gauge fixed form 

A = b^ab + b~ x db, A = bab' 1 + bdb~ l . (18) 

where 

m=3 

a = (L 1 - LL^ X + WWl 3 )dx + + (i/L_i + ^ q m W^)dx~ (19) 



and similar form for a. In this ansatz we have twist a sign of C related to (|15p and made 
some other redefinitions which are evident. The spin 4 black hole with nonzero spin 3 
charge has been extensively studied in [28J so we will skip the details and go to the new 
result. The flat condition can be found to be equal to 

da + a A a = (20) 

Note that to require the coefficients in a are constants reduces the previous equation to 

[a+,a_]=0 (21) 



7 A subscript 4 is omitted since there is only one kind of higher spin charge and chemical potential. 
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Solve the equations and one can see that 



q-3 = l(-5C 3 q 3 -llCWq 3 ), (22) 

q- 2 = 0, v = , (23) 

5 

9_i = 3(£ 2 q 3 + Wq 3 ), (24) 

qi = -3£<? 3 , qo = 0, q 2 = 0. (25) 

From the Ward identity one can interpret q 3 to be proportional to the chemical potential, 

qs = ~. (26) 
r 

The holonomy can be written as 

ui = 2n(Ta + — f a_). (27) 



As has been shown in [2T], we should impose the condition that the eigenvalues of the 
honolomy are the same as the BTZ case. In the Type I Spin 4 case, one finds that the 
eigenvalues of the holonomy are 

± in, ±z3tt (28) 

Hence we should require 

P 2 = trco 2 = -20vr 2 ; P 3 = tru 3 = 0; P 4 = truj^ = 164vr 4 . (29) 

Note that in our case, the second condition is satisfied automatically. This just shows 
that a consistency truncation from spin 4 HS gravity can be possible. To see whether this 
gives a consistent thermodynamics, one should show that there exist a entropy function 
S(C, W) such that 

T = l 4^dC> (30) 

^ = l 4^dW (31) 

where the constants a±, a 2 are fixed by the consideration of TW OPE and Ward identity. 
From the discussion in [23], one can see that a suitable choice of a%, a 2 can be 

2vr 5 

011 = IT' 012 = i8 ai ' 

The entropy should be equal to the BTZ entropy when the spin 4 charge W = 0. In 
addition, from dimensional consideration one finds that a suitable choice of entropy can 
be _ 

S(C,W) = 2nkVCf(y) (33) 
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where y = Taking all conditions into account, one finds that the holonomy equations 
reduce to the following two equations 

1 = f(y) 2 + ^ + 7y-36y 2 )f(y) 2 , (34) 

164^ 4 = -^7r 4 (81(-41 + 362/)/(y) 4 - 1296(-4 - 7y + 36y 2 )/(y) 3 /'(y) 

+1944(1 + 4y) 2 (-4 + 9y) f (y) 2 f (y) 2 - 576(4 + 7y - 36y 2 ) 2 / (y) f (y) 3 
+16(-41 + 36y)(4 + 7y - 36y 2 ) 2 /'(y) 4 ). (35) 

The initial condition should be /(0) = 1. Then from the first equation one finds that 

f(y) = cos(%)) (36) 

with 

%) = ^(arcsm — - arcsm — — — ). (37) 

One can check that this solution satisfy the second equation as well. Substituting the 
ansatz (f36j) into the first equation (jMj) , one finds that — \ < y < | so the extremal black 
hole is at y = | or y = — j . Note that our truncation of spin 4 higher spin gravity to spin 

4 makes life simpler as spin 3 higher spin gravity. The truncation to arbitrary spin 2N 
gravity is straightforward but it is hard to find a simple black hole solutions on which 
the holonomy condition could be solved analytically. 

Let us have a closer look at the solution (|36p . It is much like the original spin 3 

black hole solution. However, there is a remarkable difference. For spin 3 solution in 

w 2 

|21j . y ~ -gf-, so the entropy is invariant under W3 — > — W3. However, our solution 
of spin 4 goes like y ~ ^f-, hence it is not invariant under W4 — > — W4. We believe 
that this charge-conjugation violation will be a general feature in spin 2N gravity and 
it may be traced to the distinction between even and odd spins. More interestingly, this 
violation leads to the fact that there are four kinds of extreme black holes for fixed £, £ 
and their entropies are not equal. It remains to have a deeper understanding of such 
kind of phenomenon. 

Before we end our discussion on Spin 4 gravity, we would like to comment briefly on 
the spin 4 black hole in Type II Spin 4 Gravity. Since Type II Spin 4 gravity is truncated 
from the sl(5, R) gravity, while Type I Spin 4 gravity is truncated from s/(4, R) gravity, 
one can easily see that the holonomy of the black holes in these two spin 4 gravity 
theories are obviously different. However, the entropy function turns out to be of the 
similar form. We will not go to the details. 



4 G 2 Gravity 

From the previous discussion and the result of spin 3 gravity, we find that the simplest 
higher spin black holes are the ones that contain only one kind of higher spin hair. So far 
the existing examples include the spin 3 black hole and the spin 4 black holes in Type I, 
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II Spin 4 gravity above. Hence it is interesting to search for other examples that contain 
a single higher spin hair. The guiding principle is that if such kind of theory exist, the 
Lie algebra should have rank two. This restricts the possible algebra to be A2, B2, C2, -D2 
and G%. While A2 corresponds to spin 3 gravity, and i?2(— C2) corresponds to Type 
I(II) Spin 4 gravity, D2 has 6 generators which cannot have higher spin s > 2 hair, the 
only candidate algebra is the exceptional G^- A matrix representation of G2 algebra and 
their commutation relations are given in Appendix B. It has 14 generators and a suitable 
embedding of sl(2,R) gives us that the spectrum contains spin 2 and spin 6 fields. The 
G2 gravity is based on the exceptional group G2. Since the study is almost the same as 
before, we just list the result below. The asymptotically symmetry algebra ig^| W(2,6) 
with central charge c = 6k: 

{c(e),c(o')} = -(5(9 - e')c(ey + 25' (e - e')c(e)) - ^-6(e - ey 

{£(9), W(9')} = -(55(9 - 9')W{6)' + 65' (9 - 9')W(9)) 

+ (^ + «g) w _ ff) + (^Lcc' + f ej - f) + v^emo - f) + 

V 4 (9)5 (4) (9 - 9') + V 3 (9)5^(9 - 9')V 2 (9)5 {2) (9 - 9') + V 1 (9)5 W (9 - 9') + V (9)) 

(38) 

8 The Gi generated W algebra can be found in 



10 



where we have omitted a index '6' to simplify notation and hope this does not cause 
confusion. The functions in the third Poisson bracket are 



244640vr 2 £ 3 26,,, 14355vr£' 2 17160tt££" 165 „ m 

Vk = W H 1 1 D ' 

5 147k 2 21 49fc 49/fc 49 

6116007r 2 £ 2 £' 65 . 43065vr££ // 190307r££'" 495 

Va = W H 1 1 D- ' 

4 49fc 2 21 49A; 49fe 196 

5395456vr 3 £ 4 2480 „,„, 3677960vr 2 ££' 2 2195072vr 2 £ 2 £ // 

= ttCW H 1 

3 147fc 3 21k 147k 2 147k 2 

528tt£" 2 10, a ,„ 163907r£'£'" 40700vr££( 4 ) 55^ 

H W H 1 1 £ (6) 

k 3 21fe 147A; 42 

_ 107909127T 3 £ 3 £ / 1240ttW£ / 615780tt 2 £ /3 12407t£W 44968tt 2 ££ / £ // 
2 ~ 49P 7fc + 49k 2 7fc + P 

485936tt 2 £ 2 £( 3 ) 704tt£ // £( 3 ) 40W^ 3 ) 204607t£ / £( 4 ) 6094^££( 5 ) 22£( 7 ) 
+ 49P + k 2~T~ + 49fc + 49fc + 49 

_ 98304007t 4 £ 5 36608tt 2 £ 2 W 48668416tt 3 £ 2 £ /2 34707r£' W 19336192tt 3 £ 3 £" 
1 ~ 491? 21k 2 + 147/c 3 21& h 147/c 3 

736ttW£' 2 1108404tt 2 £ /2 £ // 660864tt 2 ££" 2 2000tt£W" 2929544tt 2 ££'£'" 

+ 7777^5 + 7777^5 7777 + 



7k ' 49k 2 49k 2 21k 147k 2 

1096tt£" /2 518656tt 2 £ 2 £( 4 ) 12312^£"£( 4 ) 4W< 4 ' 6129tt£'£( 5 ) 676vr££( 6 ) 9£( 8 ) 

+ 777 + 7~77~To + 7777 =— + 7777 h 7777 h 



7fc 147/c 2 49k 7 49k 21k 98 

_ 245760007r 4 £ 4 £ / 366087r 2 ££'W 16295680tt 3 ££ /3 18304tt 2 £ 2 W / 291136007t 3 £ 2 £ / £ // 
~ 49A^ 21fe2 + 147fc 3 2lP + 147fc 3 

UUttWC" 3329407r 2 £'£ //2 IOIOtt^'W" 4272640tt 3 £ 3 £ /// 484vrW£ /// 

21k + 49^ 21fc h 147fc 3 21k 

7375407r 2 £ /2 £ w 41880tt 2 ££ // £ /// 380ttCW" 521440tt 2 ££ / £( 4 ) 27407t£'"£( 4 ) 
+ 147fc 2 + 7k 2 21k + 147fc 2 + 49k 

25840tt 2 £ 2 £( 5 ) 1845^£"£( 5 ) _ 340^£'£( 6 ) 180tt££( 7 ) 5£( 9 ) 

+ 49P + 49& 14~ + 21k + 49fe + 588 ( ' 

The corresponding G2 black hole with pure spin 6 hair could be 

m=5 

a = (Li - £L_i + W 6 W 6 5 )dx + + (i/L_i + q' m Wl)dx- (40) 

m=— 5 

where the independent parameters are C,Wq and §5. The other nonzero parameters are 
related to them by 

g , 5= -7^-1032£^ ^ = 5( ^ + 96£Wm - ) , 

^, = -10(^ + 38)^4), ,/ = I2=M ( 41 ) 



11 



Again, we have 

4& = f (42) 

The higher spin analogue of inverse Euclidean temperature and chemical potential can 
be defined as 

■ li dS . 72 dS 

T = l ^dC' ^ = ^9}% (43) 



It is easy to fix the constant 



71 = T' 72 = 21600 71 - (44) 



With the quantity U = ^r, the entropy should have a form S = 2-Kk\fCf{y). The 
independent holonomy equations lead to 

2 4(4 + 429j/- 54675y 2 )/( y y 2 

+ 6075 

« 2567T 6 K 

-1016327T 6 = — — (2017815046875(-397 +4050y)/(y) 6 

2017815046875 v v y ' J yy> 

-5380840125000(-4 - 429y + 54675y 2 ) f{y) 5 f(y)' 
6643012500(-724 - 126249y + 4683825y 2 + 664301250y 3 )/(y) 4 /(y) /2 
-11809800000((4 + 429y - 54675y 2 ) 2 )/(y) 3 /(y) /3 
1458000(-829 + 36450y)((4 + 429y - 54675y 2 ) 2 )/(y) 2 /(y) /4 
-2332800(-4 - 429y + 5467 5y 2 'f f(y)f(y)' 5 + 

64(3287 + 36450y)((-4 - 429y + 54675y 2 ) 3 )/(y)' 6 ). (45) 
From the first equation, we attempt to take 

f(y) = cos(0(y)) (46) 

Then 

n . , \, .143 . 143 - 36450y, 

9\y) = g(arcsin — - arcsin — ) (47) 

where — < y < ^ with two end point corresponding to the extremal black holes. 
It can be shown that this entropy function satisfy the second holonomy equations above. 

It is nice to see that the entropy function of the Gi black hole could be written in a 
concise form. It is easy to see that the G2 black hole share some features with the spin 
4 black holes studied in the last section, including the form of the entropy function, the 
dependence on the charges, charge-conjugation violation. 



5 Black Hole with More Than One Higher Spin Hair 

In this section, we study the black hole with more than one higher spin hair in the 
truncated gravity with finite number of even high spins. The simplest case should be 
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the Type I Spin 6 gravity which contains spin 2, spin 4 and spin 6 hair. This could 
be obtained by turning off odd spin generators in sl(6,R). An equally simple case is 
the Type II Spin 6 gravity. This could be obtained by turning off odd spin generators 
in sl(7,R). Though the spectrum of these two gravity are the same, they are different 
theories due to the non equivalence of sp(Q) and so(7). Our convention for general 
sl(N, R) algebra can be found in the Appendix C. 

5.1 Type I Spin 6 Black Hole 

The type I spin 6 black hole is truncated in sl(6, R). The form of a is 

m=s— 1 

a=(L 1 - £L-i + mWt {s _ 1) )dx + + + £ £ q sm W^)dx- (48) 

s=4,6 s=4,6 m =-(s-l) 

and o has the similar form. When the coefficients £,W s ,q sm are constant, the equation 
of motion turns out to be equivalent to [a+, a_] = 0. 
We can work out the solution: 

144 

964 = 962 = 960 = 96,-2 = 96,-4 = 942 = 940 = 94,-2 = 0, v = — (27W 4 943 + 500W 6 965) 

q 63 = -5£g 65 , q 61 = 10(£ 2 <? 65 + 3W 4 g 6 5) 

96,-i = ^(-30£ 3 - 230£W 4 + 120W 6 )g 65 + 3W 4 <? 43 

g 6 ,_ 3 = i(15£ 4 + 190£ 2 W 4 + 675W| - 160£W 6 )% 5 - (6£W 4 - 15W 6 )g 43 

q 6 _ 5 = _L[(_i 5£ 5 - 1750£ 3 W 4 - 17745£Wf + 1720£ 2 W 6 + 49680W 4 W 6 )g 6 5 
105 

+ (315£ 2 W 4 - 945WJ - 1071£W 6 )g 43 ] 
94i = -3£g 4 3 + 100W 4 g 6 5 

94,-1 = ^(-1400£W 4 g 6 5 + 3000W 6 )965 + (3£ 2 - 17W 4 )g 43 

q 4 _ 3 = _L[(56500£ 2 W 4 - 191700W| - 175000£W 6 )g 65 + (-945£ 3 + 11781£W 4 + 31500W 6 )94 3 ] 
945 

We can write (743 = ^-,^65 = ^ , where /U 4 and fiQ are spin-4 and spin-6 chemical 
potentials, defined as: 

ia 2 dS ia 3 dS 

And r = is analogue of the inverse Euclidean temperature of BTZ black hole. 

The coefficients can be fixed by comparing with Ward identity: 

" 1 = T' a2 = 1296 ai ' as= 2880 ai - (50) 
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We assume the entropy S has the form 2Trky/Cf(y, z), where y = W 4 /£ 2 , z = Wq/C 3 
are dimensionless parameters. Then we have 



- : (f-4yd y f-6zd z f) 



= TT^T^ dyf 



2VC 
35i 
1296Z" 3 / 2 ' 

M6 = 2W^ dzf - (51) 

The holonomy is just oj = 27r(ra + — fa-). In spin-iV gravity the holonomy u) has 
eigenvalues (N — l)z7r, {N — 2>)m, . . . , — (N — In our N = 6 case, the holonomy 

condition gives the following constraints 

tr(uj) = tr(uj 3 ) = tr(uj h ) = 0, tr(oj 2 ) = -70vr 2 , 

tr(w 4 ) = 1414^ 4 , ir(w 6 ) = -32710^ 6 . (52) 

The first three equations are automatically satisfied since tT(\^^ . . . ) can be non- 
zero only when mi + • • • + m n = 0(V^ can be L m or or W^), and in our solution 
we have only with odd m. So all the odd equations are trivially satisfied. In 
principle we can solve the later three equations to get the expression of f(y,z). But 
they're non-linear partial differential equations and are hard to solve. And the full 
representation of their explicit form is not quite illustrative. What we can do is to 
expand f(y, z) = 1 + C\py + Cq^z + . . . and obtain a few coefficients perturbatively. 



5.2 Type II Spin 6 Black Hole 

The type II spin 6 black hole is truncated in sl(7, R). The form of a is the same as (|48p : 

m=s— 1 

a = (L 1 - + WsW s _ [s _ 1) )dx + + {vL_ x + £ q m W^)dx~ . (53) 

s=4,6 s=4,6 m =-(s-l) 

Now the subalgebra that consists of Li,L , L_i, W3 , . . . , W 4 3 , Wf , . . . , W^ 5 is so(7, i?), 
so is different from sp(6,R), which is the algebra of type I spin 6 gravity. The solution 
of [a+, a_] = is: 

964 = 962 = 960 = 96,-2 = 96 -4 = 942 = 940 = 94,-2 = 0, v = ^(3g 43 W4 + 200g 65 iy 6 ), 
q 63 = -5Cq 65 ,q 6 i = lOC 2 q 65 , g 6 ,-i = (-10£ 3 - 360g 6 5>V6)965 + 3W 4 943 
9 6i _3 = (5£ 4 + 540W 4 2 + 480£W 6 )965 - 6£W 4 943 

96,-5 = ^(-7£ 5 - 3108£W| - 1032£ 2 W 6 )965 + (3£ 2 W 4 - 18W|)g 4 3 
q 41 = 360W 4 965 - 3£943, 94,-1 = (-3£ 2 - 30W 4 )9 43 - 560£W 4 965 

94_3 = (-C 3 + 22£W 4 + 120W 6 )9 43 + ^r(4520£ 2 W 4 - 30240Wf )g 6 5- (54) 
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Similarly, we can write 543 = ^-,<765 = with //4>A*6 being spin 4 and spin 6 
chemical potentials defined by ([4*9]) . But now 



27F 7 7 ^ 

ai = T' a2 = 540 ai ' a3 = 21600 ai ' (55) 

The holonomy conditions in this case are: 

tr(uS) = tr(uj 3 ) = tr(uj 5 ) = tr(iJ) = 0, 

tr(uj 2 ) = -112vr 2 , tr(uj A ) = 3136vr 4 , tr(uj 6 ) = -101632vr 6 . (56) 

Similar to the Type I spin 6 black hole, the entropy function cannot be worked out in 
an exact form. We are not going to the details anymore. 



6 Conclusion and Discussions 

In this paper we investigated the black holes in truncated higher spin AdS3 gravity 
theories. As we are interested in the black hole solutions with one single higher spin 
hair, we mainly focused on the higher spin gravity theory with gauge group of rank two. 
We found that besides the known spin-3 gravity on sl(3, R) algebra, there are only two 
other theories: the spin 4 gravity and G2 gravity. In the former case, the theory could 
be related to the Vasiliev's higher spin gravity by truncations in two different ways, 
with its asymptotical symmetry algebra being W(2, 4). In the latter case, the theory is 
defined with the gauge group G2, and its asymptotical symmetry algebra is W(2, 6). It 
is remarkable that the non-existence of other higher spin gravity with single higher spin 
hair is in accordance with the fact that there is no generic W(2, s)-algebra with s > 6. 
In many aspects, the spin 4 gravity and G2 gravity are as simple as the spin 3 gravity. 

In both spin 4 gravity and G2 gravity, we constructed the exact black hole solutions 
with higher spin hair successfully. It is nice to see that in both cases the entropy functions 
could be written in an exactly closed form. This nice feature allows us to take these two 
black holes along with the spin 3 black hole as the prototypes to test various ideas on 
higher spin gravity. One remarkable feature of our black holes is that they are sensitive 
to the sign of higher spin charges. This is very different from the spin 3 black hole or 
usual f7(l) charged black holes. It would be interesting to understand this fact from 
other points of view. 

It is a distinguishable feature of AdS3 higher spin gravity to allow truncation to 
a theory of finite number of higher spin fields, since there is no finite truncation in 
d > 3 AdSd spacetime. As shown in Section 2, besides the original sl(N,R) higher spin 
gravity, there are two other kinds of finite truncations, Type I Spin 2N and Type II Spin 
2N gravity theories, based on the sp(2N, R) and so(2N + 1,R) Lie algebra respectively. 
However, these are not the only possibilities. As shown in Section 4, there exists a higher 
spin gravity based on the exceptional algebra G*2. The G2 gravity cannot be obtained 
directly from Vasiliev's theory by simply doing even spin truncation. Nevertheless, it is 
closely related to Type II Spin 6 gravity. Actually, by turning off all the spin 4 generators 
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in Type II Spin 6 gravity, we obtain a well-defined G2 gravity. This raises an interesting 
question if the Chern-Simons gravity based on other Lie algebras can give us consistent 
higher spin gravity. 

Another interesting application of our construction is to embed the spin 4 black hole 
into Vasiliev's theory on hs{X) algebra. In this the spin 4 field is the lowest high 

spin, it will generate other higher even spins in the theory. In principle, the partition 
function could be computed perturbatively and compared with the CFT study [T9l [20] . 
This will provide another tractable example to test HS/CFT correspondence. 

The higher spin topologically massive gravity(HSTMG) was constructed in [37[ \5E\ 
I3U1 140] , The truncated version of HSTMG is obvious. Though the physical meaning of 
the general solution of HSTMG is not clear so faJl, the black holes in higher spin gravity 
is naturally identified with the black holes in HSTMG since every solution of higher spin 
gravity is automatically the solution of HSTMG. This do not mean that the physical 
quantity is the same as before. The Chern-Simons level do have effect in the quantity 
such as entropy. A naive guess is that we should replace the level k — > (1 — —)k (or 
(1 + -)k) everywhere to get the correct answer. We leave this problem to further study. 
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Appendix A: Convention on sp(4, R) 



The explicit forms of the generators L\, Lq, W< 
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3 For the first step to this problem, see|41j 
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The commutation relations are 



[U, Lj] = (i- j)L i+3 , [Li, Wi] = (3t - m)W i+m 

q in 1 o 

[wi,w£] = ±wi, [wi,w^] = -w£, [wi,W* 2 ] = W? + ^-L 1 

1 D8 2 3 

[W 3 4 ,^ 3 ] = 12< + — L , [W?,W?] = --W 3 4 , [W 2 4 ,<] = --VF 2 4 

[^2,^-1] = "^i, [^ 2 4 ,^ 2 ] = 2W 4 - y L , \W^,wi 3 ]=6Wt 1 + -^L. 1 

[wtwS\ = -\wt + f b L 1 , [wt,W\] = -^W* + ^L , [w?,wU = -h_ 1 

[^ 4 ,^ 4 3 ] = ^ 4 2 , «,W 4 1 ] = -|^ 1 + gL_ 1 , [<,W 4 2 ] = -|wi 2 

\W$,Wi 3 ] = lwi 3 , [Wi x ,W± 2 ] = -\wi 3 . (57) 

and the others are zero. The first line of these commutation relations simply means that 
the spectrum of this theory is spin 2 and spin 4. 



Appendix B: Convention to G2 
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for m = 1, 2, ■ ■ ■ ,5. 
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The commutation relations are 



[Li , Lj 



j)L i+j , [Li,W%\ = (5i-m)W; 
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(59) 



and the other commutations can be derived using (|58p or simplify to be 0. Note that 
the first line means that the spectrum contains spin 2 and spin 6. 



Appendix C: General Lie algebra generators and commuta- 
tion rules in sl(N,R) 



Here we use this set of Lq, Li, L_i to generate the whole set of generators: 



19 



La 



( N- 1 
N -3 



V 





V o 





















V2iV-4 







/ y/N-1 

V2iV-4 



L-i 





V o 













(N — 3) 
~(N-1)J 

\ 





Viv- 1 o / 

o \ 




/ 



(60) 



Here ^m+i^) = —y/Ni — i 2 , L_iu i+ ^ = \/Ni — i 2 , and they satisfy commutation rela- 
tion [Li, Lj] = (i- j)L i+j . 

The other generators are denoted by W^(3 < s < N, — (s — 1) < m < (s — 1)), and 
are derived out by 



W. 



S-l — ^1 ' 
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m— 1 



s + m — 1 



[L-uW* 



(61) 
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